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Abstract. For k = 0,1,2,... let H^^^ := Eo<jsSfcl/j^ ^nd iff^ := 
^0<i<fe -l/(2j ~ -l)^- ^^^^ paper we give a new type of exponentially 

(2) ~ (2) 

converging series (involving if^^ or if^^ ) for certain famous constants. 
For example, we show that 

oo rj(2) 4 oo /2k\ fy(2) 

tr'ik^Ck) ^1 (2fc + l)(-16)'= 3 ^' 

^ L2kHl^2^ ^ 4l7r4 - (2^'=)L2fe+ii?(^) _ 137^3 



k = l 



fc2(2^fc^ 7500' (2fc + l)16'= 1500^ 



where is the golden ratio (a/5 + 1) /2, and Lq, Li, L2, ■ ■ ■ are Lucas num- 
bers given by Lq = 2, Li = 1, and L^+i = L„ + L„_i (n = 1, 2, 3, . . . ). 



1. Introduction 

Series for powers of tt or log 2 have a long history (see, e.g., [M]). It is 
well known that 

\-tlL = l cf2)-=V- = - m)-=V- = - 

^2A; + l 4' 6' ^A;4 90 

fc=0 A;=l fc=l 

and 

fc=l 
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However, these series converge very slow. In 1974 Gosper announced the 
following fast converging series for tt (cf. G. Almkvist, C. Krattenthaler 
and J. Petersson [AKP]): 



°° 25fc-3 TT 



E 



=0 2- 

(Note that n! ~ V27m{n/e)'^ {n +oo) by Stirling's formula.) In 1993 
D. Zeilberger [Z] obtained the identity 

y. 21fc-8 _ TT^ 

via the WZ method (see, e.g., [PWZ]). This is a rapidly converging series 
for TT^ since 

[k +oo) 



k J ^/k^T 

by Stirling's formula. In 2006 D. Bailey, J. Borwein and D. Bradley [BBB] 
obtained the celebrated formula 



^ k^C^h 36 ^ ^ 3240' 



Here is a fast converging series for log 2 given by Borwein and Bailey [BB. 
p. 129]: 



3^(2fc+l)9'. 



Recall that harmonic numbers are those rational numbers 
^-•= E I (n = 0,l,2,...). 



k 

0<k<n 



and harmonic numbers of the second order are defined by 
Hi'^--= E ^ (n = 0,l,2,...). 



k^ 

0<k<n 



Recently the author [S6] found and proved that 
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which was motivated by his philosophy of correspondence between certain 
series and congruences (cf. [S5]) and his related result 



-^^j^Hj^^ = —Ep-s (mod p) for any prime p > 3, 



where Eq, Ei, E2, . . . are Euler numbers given by £^0 = 1 and the recursion 



f^('^]£;„_fc = (n = l,2,3,...)- 



k=0 
2\k 

The reader may consult [PS], [Sl-6] and [STl, ST2] for congruences involv- 
ing central binomial coefficients which provide important backgrounds for 
our current research on series. In [S6] the author explained how he was led 
to consider J^lZl ^k)^?^ 1'^^ modulo an odd prime p and the evaluation 

of the series E^i 2''iyf_V(A;ff)). Note that H^^ C(2) = 7rV6 as 
n — )■ +00. 

In this paper we aim at giving certain exponentially converging series 
for some classical constants (such as ti^ and tt^) with each term related to 
the second-order harmonic numbers. 

Recall that the Fibonacci sequence {F^}n>o and the Lucas sequence 
{Ln}n^o are given by 

Fo = 0, Fi = 1, and Fn+i ^ F^ + F^-i (n = 1, 2, 3, . . . ), 

and 

Lq = 2, Li = 1, and L„+i = Ln + Ln-i (n = 1, 2, 3, . . . ). 
It is well known that for each n = 0,l,2,... we have 



Now we state our first theorem in which we relate Fibonacci numbers 
and Lucas numbers to tt"^ for the first time. 

Theorem 1.1. (i) We have the new identity 
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Also, 



and 



^e,') 7500- A. ,.(2.) 375^. ( • ) 

fci F(-) - 1875 F(-) = 125V5' 



where 



""'-^ ^C^-^y^L, zf2\k, """^ ""'-[^C^+'y^F, if2\k. 



(ii) We also have 

oo tt{2) k 

In particular, 



y = ^ / X ^^^^.^3 ^ /or0^x<4. (1.4) 



anc? 



^ M^) " 27V/3- ^ ■ ' 

Remark 1.1. (a) The modern Mathematica 7 (version 7) employs various 
powerful algorithms (including the WZ method) to obtain summations of 
series, however it is still unable to evaluate the series in Theorem 1.1. (b) 
Motivated by massive Feynman diagrams in physics, A. I. Davydychev and 
M. Yu. Kalmykov [DK, (C16) and (C17)] obtained that for any a; > 1/4 
we have 

and 

^f-i 1 , 4 V4^Tl + l 



V = — log 



k^^k^C:){-x)k 24 - + 
For convenience, we set 

iy(2) ._ V t - iy(2) _ tljl_ forn - 1 2 

-"n (2^ - 1)2 ~ 4 lor n — u, i,z, ... . 

Our second theorem and its corollaries deal with exponentially converging 
series for tt^, tt^ or log'^a; with the kth term related to Hj^\ 
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Theorem 1.2. (i) If < x ^ 4, then 



^ 2k + i Vie/ 3Vi ■ ^ 



fc=l 



Also, 



and 



^ {2k + l)lQk 750^5 ^ ■ ^ 

(fc^)^2fc+igf ^ _ IStt^ 
^ (2/c + l)16'= 1500' ^ ■ ^ 



(ii) For X ^ 1 we have 

(2A;+l)(-4x)'= 6 ^ ^ ^ 

In view of (1.7) and (1.10), one can easily deduce the following conse- 
quence. 

Corollary 1.1. We have 

f^^ (2A; + 1)16'^ 648' ^ " ^ 

^ (2^ + 1)8^= 192^2' ^ ■ ' 

^ 2/c + i UeJ "8iV3' ^^-^^^ 

and 

V ^^^^ = - ^ log3 2 ri 14) 

(2fc + i)(-32)'= 24 ^ ' ^ ^ 

Remark 1.2. (1.11) also follows from Section 2 of [PP]. Our (1.16) provides 
a fast converging series for log"^ (at a geometric rate with ratio —1/4), 
where (p = {Vb + l)/2 is the famous golden ratio. It seems that there are 
no previously known exponentially converging series for log 0. 
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Corollary 1.2. For ^ x < 2 we have 



k=l 



In particular, 



To conclude this section, we raise a conjecture on related congruences. 

Conjecture 1.1. Let p be an odd prime. 

(i) If p > 3 then 

k—l 

where Bq, Bi, B2, ■ ■ ■ are well known Bernoulli numbers. Also, 

fc=l 

where (— ) denotes the Legendre symbol. 

(ii) If p > 3, then 



fe=i ^ ^ 



where qp{2) denotes the Fermat quotient (2^ -"^ — l)/p. When p > 5, we 
have 
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2. Proofs of Theorems 1.1-1.2 and Corollary 1.2 



Proof of Theorem 1.1. By Mathematica 7, for ^ a; ^ 4 we have 

oo t7-(2) k 



7 — " = 77 arcsm" 



X 



(2.1) 



Putting X = 1 in (2.1) we get (1.1), however the series cannot be evaluated 
by Mathematica 7 via the FullSimplify command. 
Let a = (1 + \/5)/2 and /3 = (1 - Vh)/2. Then 



. \/o? . \/5 + l 

arcsm — - — = arcsm 



and 



Therefore 



arcsm 



arcsm 



4 



37r 
10 

To' 



H 



(2) , 2k 



2 /37r 



(2) q2fc 



3 VIO/ 



As a^fc + /52fc = and a^fc _ /32fc _ ^i?2fc, (1-2) foUows. 
It is easy to see that for any = 0, 1, 2, . . . we have 



\/huk — 
Also, 



5 + 



and Vk 



5 + y5\^ fb-^/b 



+ 



. 27r 
sm — = 



i 



75- 1 



1 . /5 + \/5 



and 



TT 



sm 



1 - 



\/5 + l 



1 , /5- \/5 



Thus, applying (2.1) with a; = (5 ± -\/5)/2 we obtain (1.3) immediately. 

Since i^^) ~ ^^jsfkn as /c oo, the series ^^l^^^l)) converges. 

Note also that H.f\ < C(2) = tt^/G for /c = 1, 2, 3, ... . Thus, we can take 
derivatives of both sides of (2.1) to get 



oo o-(2) fc-1 o 

E-"fe-l"^ ° • 3 
7777" = - arcsm 

k^i K'k) 3 



± ^ V(4v/^) 
2 Vl-x/4 



with ^ a; < 4. 
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So (1.4) holds. Applying (1.4) with x = 1,3 we obtain (1.5) and (1.6) 
respectively. 

The proof of Theorem 1.1 is now complete. □ 

Proof of Theorem 1.2. Let us recall a known hypergeometric identity 

• / \ ■ / \ „fl + al — a3 .2 
sm(a2;) = asm(2;) • 2-F1 I — ~2~' 2' ^ 

(See, e.g., [BE, §2.8].) For /c = 1, 2, 3, ... , clearly 

n-Zli{l + a)/2+j){{l-a)/2+j) 



^!nL(i/2+j) 



2fe\ / 2 



/c!(2/c+l)!!2'= (2A; + 1)4^ n (2j + 1)^ 

Therefore 

(00 f2k\ / ■ 2 \^ k , 2 \\ 

i+Ei^(^) n(i-(^))- 
fc — 1 J — 1 

Comparing the coefficients of on both sides we get 

Now let < a; ^ 4 and set z = arcsin(^/2). Then (2.2) gives (1.7). 
Applying (1.7) with x = {{V5±l)/2)^ we obtain 

^ Qh'^' V5±1 ^ ^ 1 A2±l). 
^ (2/c + 1)16'= 2 y 3 V 10 

and hence (1.8) and (1.9) follow. 

Now prove (1.10) for x'^1. Note that 



o 



sin(z2;) = — = ■isinh(2;), 

where sinh(z) is the hyperbolic sine function. Substituting iz for z in (2.2) 
we get 

fe=l ^ ^ 



FAST CONVERGING SERIES FOR SOME FAMOUS CONSTANTS 



9 



Fix X 1 and let 



z =arcsinh— = = log ( — = + \ 1 -\ — 
Va; \ V X 



= log ^ = log — — - = - log -= . 

Then (2.3) yields (1.10). 

So far we have completed the proof of Theorem 1.2. □ 

Proof of Corollary 1.2. By Theorem 1.2(i), for ^ a; ^ 2 we have 

> \^.^u = 77 arcsm'^ -. (2.4) 

^ (2/c+l)16'= 3 2 ^ ' 

Observe that {^^) < (1 + 1)2^= = 4^= and 

oo ^ oo ^ oo ^ 2 

^(2) < V = V - - V = — 

for every A; = 1, 2, 3, ... . Let < £ ^ 2. Clearly the series 



~ 4^(2 - £)2'=+i 
'^^^) - 1^ f2A;+l)16^ 



(2A;+1)16'^ 
converges, and 

('2fcN u-(2) 2fc+l 2 

y ^'^J^k ^ ) for ^ a; ^ 2 - e. 

^ 2/c + 1)16'= 8 ^ ^ 
fc=i 

Thus, we can take the derivatives of both sides of (2.4) with ^ a; ^ 2 — e 
to obtain (1.17). Therefore (1.17) holds for any ^ a; < 2. 

Applying (1.17) with x = 1, v^, V3 we get (1.18)-(1.20) immediately. 
This concludes the proof. □ 
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